In this paper we study topological and dynamical features of isolated invariant continua of continuous flows defined on surfaces. We show that near an isolated invariant continuum the flow is topologically equivalent to a C 1 flow. We deduce that isolated invariant continua in surfaces have the shape of finite polyhedra. We also show the existence of regular isolating blocks of isolated invariant continua and we use them to compute their Conley index provided that we have some knowledge about the truncated unstable manifold. We also see that the ring structure cohomology index of an isolated invariant continuum in a surface determines its Conley index. In addition, we study the dynamics of non-saddle sets, preservation of topological and dynamical properties by continuation and we give a topological classification of isolated invariant continua which do not contain fixed points and, as a consequence, we also classify isolated minimal sets.
Introduction
In this paper we study topological and dynamical features of isolated invariant continua of continuous flows ϕ : M × R → M defined on surfaces. By a surface M we mean a connected 2-manifold without boundary. To avoid trivial cases, when we refer to an isolated invariant continuum K, it will be implicit that it is a proper subset of M , i.e. ∅ = K M .
The paper is structured as follows. In Section 2 we show that near an isolated invariant continuum K the flow is topologically equivalent to a C 1 flow and, as a consequence, K admits a basis of neighborhoods comprised of what we call isolating block manifolds. The main result of this section is Theorem 7 which establishes that an isolated invariant continuum K of a flow on a surface must have the shape of a finite polyhedron. Besides, we characterize the initial sections of the truncated unstable manifold W u (K) − K introduced in [3] . Section 3 is devoted to prove the main results of the paper which are Theorem 12 where the existence of the so-called regular isolating blocks of isolated invariant continua on surfaces is established and Theorem 16 which establishes a complete classification of the possible values taken by the Conley index of K. In particular, it is proven that the Conley of K is the pointed homotopy type of a wedge of circumferences if K is neither an attractor nor a repeller, the pointed homotopy type of a disjoint union of a wedge of circumferences and an external point (which is the base point) if K is an attractor and the pointed homotopy of a wedge of circumferences and a closed surface if K is a repeller. Both the number of circumferences in the wedge and the corresponding genus of the surface in the case of repellers are determined by the first Betti number of K and the knowledge of an initial section of W u (K) − K. The existence of regular isolating blocks plays a key role in our proof of this classification. In Section 4 we prove Theorem 19 which is a classification of the Conley index of K in terms of the ring structure of the cohomology index. Finally, Section 5 is devoted to some applications of the previous results. The main results of this section are Theorem 26 and Theorem 29. Theorem 26 studies the preservation of some topological and dynamical properties by continuation. For instance, it is proven that if (K λ ) λ∈I is a continuation of an attractor (resp. repeller) K 0 then, for each λ, K λ must have a component K 1 λ which is an attractor (resp. repeller) with the same shape of K 0 . It is also proven that the property of being saddle is preserved by continuation for small values of the parameter and that if K λ is a continuum for each λ, the property of being non-saddle is preserved if and only if the shape is preserved. On the other hand, Theorem 29 establishes that if an isolated invariant continuum in a surface does not have fixed points it must be non-saddle and either a limit cycle, a closed annulus bounded by two limit cycles or a Möbius strip bounded by a limit cycle. A nice consequence of this result is Corollary 30 which establishes that a minimal isolated invariant continuum in a surface must be either a fixed point or a limit cycle.
We shall use through the paper the standard notation and terminology in the theory of dynamical systems. By the omega-limit of a set X ⊂ M we understand the set ω(X) = t>0 X · [t, ∞) while the negative omega-limit is the set ω * (X) = t>0 X · (−∞, −t]. The unstable manifold of an invariant compactum K is defined as the set W u (K) = {x ∈ M | ∅ = ω * (x) ⊂ K}. Similarly the stable manifold W s (K) = {x ∈ M | ∅ = ω(x) ⊂ K}. For us, an attractor is an asymptotically stable compactum and a repeller is an asymptotically stable compactum for the reverse flow.
We shall assume in the paper some knowledge of the Conley index theory of isolated invariant compacta of flows. These are compact invariant sets K which possess a so-called isolating neighborhood, that is, a compact neighborhood N such that K is the maximal invariant set in N , or setting N + = {x ∈ N : x[0, +∞) ⊂ N }; N − = {x ∈ N : x(−∞, 0] ⊂ N };
We shall make use of a special type of isolating neighborhoods, the so-called isolating blocks, which have good topological properties. More precisely, an isolating block N is an isolating neighborhood such that there are compact sets These blocks form a neighborhood basis of K in M . Associated to an isolating block N there are defined two continuous functions
given by
These functions are known as the exit time and the entrance time respectively. We shall also use the notation n + = N + ∩ ∂N and n − = N − ∩ ∂N . If the flow is differentiable, the isolating blocks can be chosen to be manifolds which contain N i and N o as submanifolds of their boundaries and such that
This kind of isolating blocks will be called isolating block manifolds. For flows defined on surfaces, the exit set N o of an isolating block manifold is the disjoint union of a finite number of intervals J 1 , . . . , J m and circumferences C 1 , . . . , C n and the same is true for the entrance set N i . We also recall some dynamical concepts introduced in [3] . If K is an isolated invariant set, the subset W u (K) − K will be referred as the truncated unstable
there exists a unique t ∈ R such that xt ∈ S, is said to be initial provided that ω * (S) ⊂ K. Notice that, if S and S ′ are two different initial sections they are homeomorphic. The subset I u S (K) = S(−∞, 0] is the so-called S-initial part of the truncated unstable manifold W u (K) − K and it turns out to be homeomorphic to the product S × (−∞, 0]. For instance, if N is an isolating block, n − is an initial section and N − agrees with I u n − (K). We would like to point out that all this concepts may be dualized for the stable manifold in the obvious way.
We shall also make use of a classical result of C. Gutiérrez about smoothing of 2-dimensional flows.
Theorem 1 (Gutiérrez [17] ). Let ϕ : M × R → M be a continuous flow on a compact C ∞ two-manifold M . Then there exists a C 1 flow ψ on M which is topologically equivalent to ϕ. Furthermore, the following conditions are equivalent:
1. any minimal set of ϕ is trivial; 2. ϕ is topologically equivalent to a C 2 flow; 3. ϕ is topologically equivalent to a C ∞ flow.
By a trivial minimal set we understand a fixed point, a closed trajectory or the whole manifold if M is the 2-dimensional torus and ϕ is topologically equivalent to an irrational flow.
We adopt in the paper a topological viewpoint close to the one adopted, for example, in the papers [37, 38, 43] . Homotopy and homology theory play an important role dealing with the Conley index theory. In particular, we shall use through the paperČech cohomologyȞ * and singular homology H * and cohomology H * , all of them with Z 2 coefficients. We recall thatČech and singular homology theories agree when working with spaces with good local behaviour such as manifolds, polyhedra and CW-complexes. We define the i-dimensional Betti number of a topological space X, β i (X) as the dimension of the vector spaceȞ i (K). The Euler characteristic χ(X), when defined, is the alternated sum of the Betti numbers. The Conley index h(K) of an isolated invariant set K is defined as the homotopy type of the pair (
where N is any isolating block of K. A crucial fact concerning the definition is, of course, that this homotopy type does not depend on the particular choice of N . We will also make use of the cohomology index CH
. We refer the reader to [7, 8, 26, 33] for information about the Conley index theory and to [43, 48] to see recent applications of the Conley index techniques to some problems in ecology. There is a form of homotopy which has proved to be the most convenient for the study of the global topological properties of the invariant spaces involved in dynamics, namely the shape theory introduced and studied by Karol Borsuk. We do not use shape theory in this paper. However, it is convenient to know that some topological properties of continua in surfaces have a very nice interpretation in terms of shape. Two compacta are said to be of the same shape if they have the same homotopy type in the homotopy theory of Borsuk (or shape theory). The following results from [34, 36] will be useful in the sequel. Theorem 2. Let K be a compactum contained in the interior of a compact 2-
then it is a shape equivalence.
Corollary 3. Let K be a continuum contained in the interior of a 2-manifold M . IfȞ 2 (K) = 0 andȞ 1 (K) is finitely generated, then K has the shape of a wedge of β 1 (K) circumferences.
Notice that if M is a compact and connected 2-manifold with boundary and K is a subcontinuum contained in its interior, it would be enough i * :Ȟ 1 (M ) → H 1 (K) to be an isomorphism to meet the assumptions of Theorem 2 and, hence, to ensure that the inclusion is a shape equivalence. On the other hand, if we only consider proper subcontinua contained in the interior of connected 2-manifolds, Corollary 3 ensures that β 1 (K), when finitely generated, determines the shape of K. These facts can be easily seen using Alexander duality.
We are also going to make use of the fact, proved in [36] , that if K is a continuum contained in the interior of a 2-manifold M and N 1 and N 2 are connected submanifolds of M which are neighborhoods of K in M such that the inclusions i k : K ֒→ N k are shape equivalences, then N 1 and N 2 are homeomorphic.
Although we do not make use of shape theory in our proofs, we may occasionally refer to these theorems and to the terminology derived from it to make it clear that some of the results can be interpreted in that context. For a complete treatment of shape theory we refer the reader to [6, 10, 23, 39] . The use of shape in dynamics is illustrated by the papers [14, 18, 21, 30, 31, 35, 42] . For information about basic aspects of dynamical systems we recommend [5, 32, 47] . We also recommend the books written by Hatcher [20] and Spanier [45] for questions regarding algebraic topology and the book [24] and the paper [29] as references about the topology of surfaces.
Isolating blocks in surfaces
In this section we study the structure of a flow defined on a surface near an isolated invariant continuum K. In particular we will see that K admits a neighborhood in which the flow topologically equivalent to a C 1 flow. From this fact we will deduce that K has the shape of a finite polyhedron.
The next result states some useful properties of isolating blocks which will be exploited through the paper. Proof. Since the inclusion K ֒→ N − is a shape equivalence [21] , a straightforward application of the five lemma gives thatȞ
. In addition, the inclusion N − ∪ N o ֒→ N is also a shape equivalence (see [41] ) and, reasoning as before, it follows thatȞ
On the other hand, by the strong excision property ofČech cohomology
and, hence, from the long exact sequence of cohomology of the pair (N o , n − ) we get that the homomorphismȞ
induced by the inclusion n − ֒→ N o is a monomorphism. This proves a). Consider the long exact sequence of reducedČech cohomology of the pair
Since N is a manifold, thenȞ 1 (N ) agrees with H 1 (N ) and, hence, it is finitely generated. Thus, from the exact sequence we get thatȞ 1 (N, K) is also finitely generated. As a consequence,Ȟ 1 (N o , n − ) is finitely generated being isomorphic toȞ 1 (N, K). Moreover, sinceȞ 0 (N o , n − ) = {0}, the long exact sequence of the pair (N o , n − ) splits into the short exact sequence
is the coboundary homomorphism. In addition, the groupsȞ 0 (N o ) and im δ are finitely generated since N o has a finite number of components being a compact manifold and im δ being a subgroup of the finitely generated groupȞ
which by the continuity of t i converges to σx(s) and, hence, h(x n , s n ) converges to h(x,s) by the continuity of the flow. Therefore, h is continuous. Let us see that h −1 is also continuous. Consider a sequence (y n ) of points in W convergent to a certainȳ ∈ W . Each y n is of the form x n σ xn (s n ) andȳ =xσx(s) respectively, where, x n ,x ∈ U and s n ,s ∈ [0, 1]. See that x n converge tox and s n converge tos. Since U and [0, 1] are compact, we can choose subsequences x n k → x ′ and s n k → s ′ . Besides, the continuity of
arguing by contradiction, thatx = x ′ , then, assuming that the absolute value of σx(s) is greater than or equal to
, it follows that eitherx = x ′ or x ′ is point of internal tangency in contradiction with the definition of isolating block. It also follows thats = s ′ since, if not, the trajectory ofx would be periodic and, thus,x would be a point of internal tangency. We have proved that every convergent subsequence of (x n ) converge tox and every convergent subsequence of (s n ) converge tos. As a consequence, since U and S are compact, x n →x and s n →s . This proves c).
From now on we will focus on flows defined on surfaces. The next result is a local version of classical Gutiérrez' Theorem. The proof is a kind of mixture of some ideas from [27] and [35] .
Lemma 5. Let ϕ : M × R → M be a flow defined on a surface and K be an isolated invariant continuum. Then, ϕ is topologically equivalent to a C 1 flow near K. Moreover, K admits a basis of neighborhoods comprised of isolating block manifolds.
Proof. We will start the proof by showing that K admits a neighborhood basis comprised of surfaces with boundary. Indeed, since M is a surface, we may assume without loss of generality that M is C ∞ (see [19] ). Consider the con-
. We choose ε in such a way that ε ∈ d K (M ). As a consequence, δ K (M ) ⊃ [ε/3, 2ε/3) and by Sard's Theorem [25] there exists a regular value a ∈ (ε/3, 2ε/3). Then, δ −1
is a compact 2-manifold with boundary [25] . It is clear that K is contained in the interior of δ
containing K we have found the desired neighborhood. Since the choice of ε was arbitrary, the claim follows.
On the other hand, since we can find a surface neighborhood N of K as close to K as desired, we can choose it to be an isolating neighborhood. Let N be the closed surface obtained by capping each boundary component of N with a disk. By the Keesling reformulation of Beck's Theorem [22] we can obtain a flow ϕ ′ on M such that ϕ ′ is topologically equivalent to ϕ inN and is stationary in ∂N . Then, the restriction flow ϕ ′ |N can be extended to a flow ϕ on N by keeping all the points in N − N fixed. Besides, the flow ϕ is topologically equivalent to a C 1 flow ψ by Gutiérrez' Theorem and, as a consequence, ϕ ′ |N is topologically equivalent to ψ|h(N ), where h : N → N is the homeomorphism which realizes the equivalence. Therefore, [8] ensures the existence of a basis of isolating block manifolds of K for ψ and, hence, for ϕ.
The next proposition gives a topological characterization of the initial sections of the truncated unstable manifold of an isolated invariant continuum of a flow on a surface and, as a consequence, it also characterizes the topology of the S-initial part of the truncated unstable manifold. Proposition 6. Let ϕ : M × R → M be a flow defined on a surface, K be an isolated invariant continuum and S an initial section of the truncated unstable manifold W u (K) − K. Then, S has a finite number of connected components and each one is either an interval (possibly degenerate) or a circle. Moreover, I u S (K) is homeomorphic to a finite disjoint union of half-open rays, strips and cylinders.
Proof. By Lemma 5 we can find a connected isolating block manifold N of K. Besides, S is homeomorphic to n − . Hence, Lemma 4 guarantees that it has a finite number of components. Moreover, N o consists of a disjoint union of finite many circumferences and closed intervals. Then, since n − is a compact subset of this disjoint union, it must be a finite union of points, closed intervals and circumferences as we wanted to prove. Therefore, the result follows I u S (K) being homeomorphic to S × (−∞, 0] . Theorem 7. Let K be an isolated invariant continuum of a flow on a surface. Then, K has the shape of a finite polyhedron. Moreover, if N is a connected isolating block manifold of K,
and the latter group must be zero since, if not, there would be a component U of N − K not meeting ∂N , which means that, given x ∈ U , the trajectory γ(x) must be contained in N since it only can leave N through ∂N . This fact contradicts N to be an isolating neighborhood of K.
Consider the long exact sequence of reducedČech cohomology of the pair
Therefore, the homomorphism i * :Ȟ 1 (N ) →Ȟ 1 (K) is surjective and, sincě H 1 (N ) is finitely generated, being N a compact manifold, so isȞ 1 (K). Thus, K has the shape of a wedge of β 1 (K) circumferences by Corollary 3 and
Corollary 8. Let K be an isolated invariant continuum of a flow on a surface. Suppose that K admits an isolating block which is a disk, then K has trivial shape and contains a fixed point.
Proof. Since β 1 (N ) = 0, Theorem 7 guarantees that β 1 (K) = 0 and, hence, Theorem 3 ensures that K has trivial shape. Let us see that K must contain a fixed point. Since K admits an isolating block N which is a disk, this disk can be embedded into R 2 and, by the arguments presented in the proof of Lemma 5, we may assume, without loss of generality, that the flow restricted toN can be extended to a C 1 flow on the whole plane. This fact allows us to use Poincaré-Bendixson Theorem. Choose a point x ∈ K, hence ∅ = ω(x) ⊂ K and either it contains a fixed point or it is a limit cycle. If ω(x) is a limit cycle, it must decompose R 2 into two connected components, and, sinceN is an open disk, the bounded component U must be contained inN . Thus, U is an invariant disk contained inN and, hence, in K, and the Brouwer fixed point theorem combined with the compact character of U ensure that K must contain a fixed point.
Remark 9. Theorem 7 does not hold for flows on higher-dimensional manifolds. For instance, consider on R 3 the vector field
where e 3 = (0, 0, 1) and Φ : R 3 → R is a C ∞ function which takes the value 0 exactly in those points which belong to the subset
and it takes the value 1 outside a neighborhood of H. The flow induced by X is depicted in figure 1 and it has the set H, which is known as the Hawaaian earring, as an isolated invariant set. It is clear that H admits an isolating block which is a ball but, in spite of it, β 1 (H) = ∞. In particular, H does not have polyhedral shape. This example is a particular instance of a general result from [13] which states that any finite dimensional compactum can be an isolated invariant set of a flow on some R
n . This example also shows that in higher-dimensional manifolds, given a connected isolating block manifold N of an isolated invariant continuum K, β 1 (K) may be greater than β 1 (N ). In [34] some conditions involving β 1 (N ) are used to find lower bounds of β 1 (K) for flows on 3-manifolds.
Regular isolating blocks and the Conley index
In this section we will see that the knowledge of the first Betti number of an isolated invariant continuum of a flow on a surface and the topology of an initial section of its truncated unstable manifold allow us to compute its Conley index, extending in this way a result of [3] about planar isolated invariant continua. For this purpose we will make use of a special kind of isolating blocks, the so-called regular isolating blocks. This kind of blocks was first introduced and studied by Easton in [11] and subsequently studied by Gierzkiewicz and Wójcik [12] and J.J. Sánchez-Gabites [34, 36] . However, most of the known results are referred to the 3-dimensional case and the more general results, which appear in [12] , do not apply to the kind of isolating blocks considered here since we are dealing with a more restrictive definition of isolating block. We will dedicate part of this section to fill this gap and prove that isolated invariant continua of flows on surfaces admit a basis of regular isolating blocks. Definition 10. A connected isolating block manifold N is said to be regular if the inlcusion i : K ֒→ N is a shape equivalence.
Remark 11. Notice that the condition for an isolating block to be regular in Definition 10 differs from the one introduced and studied in [11, 12] . However, from the considerations made in the Introduction it follows that for connected isolating block manifolds in surfaces both definitions agree. In addition, it also follows that all regular isolating blocks of the same isolated invariant continuum must be homeomorphic. This facts also hold in 3-manifolds [34, 36] .
If K is an isolated invariant continuum of a flow on a surface, it admits a basis of regular isolating blocks.
Proof. Let N be a connected isolating block manifold of K. From the proof of Theorem 7 we have that the sequence
is exact and, as a consequence, from Theorem 2, the obstruction for N to be a regular block is the existence of non-trivial elements inȞ 1 (N, K). On the other hand, as we have seen in the proof of Lemma 4,
and, by Alexander duality, we geť
is finitely generated. We will construct the desired block from N by cutting from it the leftover information in the following way:
Assume that C is a circular component of 
and perform the previously described operation. We obtain in this way a new isolating block manifold N (1) in which the component J has been splitted into two disjoint exit intervals, one of them containing n − 1 and the other containing remaining components of n − which were contained in the original J. Notice that N (1) is also connected since, if not, K and one of the chosen components of n − should lie in different components of N (1) and this cannot happen. If we perform this operation until we separate all the components of n − (i.e. a finite number of times) we get the desired block.
Definition 13. A non-empty continuum K contained in a surface is said to be orientable if it admits a basis of neighborhoods comprised of orientable surfaces. Otherwise K is said to be nonorientable.
Remark 14.
From the proof of Lemma 5 it follows that any continuum in the interior of a surface has a neighborhood basis comprised of compact and connected 2-manifolds with boundary. Combining this with the fact that an orientable 2-manifold cannot contain a nonorientable one it follows i) Every continuum contained in the interior of an orientable surface must be orientable.
ii) An orientable continuum K cannot possess a basis of neighborhoods comprised of nonorientable manifolds.
iii) A nonorientable continuum K must admit a basis of neighborhoods comprised of nonorientable surfaces.
However as the next example points out, nonorientable surfaces contain both orientable and nonorientable compact subsets.
Example 15. Consider M as the surface obtained as a connected sum of the torus S 1 × S 1 with the Klein bottle K (which is homeomorphic to a connected sum of four projective planes [24] ). In this surface we can find two copies of S 1 ∨S 1 as the 1-skeleton of the torus and the Klein bottle summands respectively.
It is clear that the one contained in the torus summand is orientable while the other is not.
Now we are ready to prove the main result of this section. Proof. Let N be a regular isolating block of K. Then, given an initial section S of the truncated unstable manifold W u (K)−K, S is homotopy equivalent to N o . Indeed, since the inclusion i : K ֒→ N is a shape equivalence, the cohomology groupsȞ k (N, K) = {0}. But, as we have seen beforeȞ k (N, K) ∼ =Ȟ k (N o , n − ) and, hence, i : n − ֒→ N o induces isomorphisms inČech cohomology. It easily follows that n − and N o have the same homotopy type and the claim follows n − being homeomorphic to S. From this observation we get that N o has u c components which are intervals and u − u c circular components.
Suppose that K is neither an attractor nor a repeller and let N be a regular isolating block of K. The block N is a compact 2-manifold with boundary and, since it has the same shape as K it must have the homotopy type of a wedge of β 1 (K) circumferences. Collapsing to a point an interval component of N o does not change the homotopy type of N . Therefore, the topological space obtained by collapsing all the interval components to a single point is pointed homotopy equivalent to the wedge sum of N with u c − 1 copies of S 1 .
On the other hand, collapsing a circular component C of N o produces the same effect on N as capping the boundary component C with a disk. Then, the topological space obtained by collapsing to a point all the circle components is pointed homotopy equivalent to a wedge sum of (u − u c − 1) circumferences with the manifold obtained after capping (u − u c ) boundary components with disks. Thus, since N o is neither empty nor the whole ∂N the Conley index of K must be the pointed homotopy type of a wedge sum of a compact and connected 2-manifold with boundary with some circumferences. Hence, it must be pointed homotopy equivalent to a wedge of circumferences. To determine the number of circumferences on the wedge we compute the Euler characteristic of h(K). Since χ(h(K)) agrees with χ(N, N o ) and N o is a union of u c intervals and u − u c circumferences it follows
and, hence, rk CH 1 (K) = β 1 (N ) + u c − 1. This proves i). If K is an attractor it admits a positively invariant isolating neighborhood and, hence, u = 0. Thus, if N is a regular isolating block it must have empty exit set. As a consequence, the effect of collapsing its exit set N o to a point is the same as making the disjoint union of N with a singleton not contained in N . This proves ii).
Suppose that K is a repeller. Then, given a regular isolating block N of K, N o must be the whole boundary ∂N which is comprised of u connected components. The space obtained after collapsing the whole boundary of N to a point is pointed homotopy equivalent to the wedge sum of u − 1 circumferences with the surface obtained after capping all the boundary components of N with disks. This surface is orientable if and only if K is orientable. Indeed, if K is orientable it admits a basis of neighborhoods comprised of orientable 2-manifolds with boundary. As a consequence, K admits an orientable regular isolating block. If K is nonorientable the same argument shows that K admits a nonorientable regular block. Let us compute the genus of S g , the closed surface obtained after capping with a disk each boundary component of ∂N . Since, ∂N has exactly u components, using the fact that
On the other hand,
This proves iii).
Remark 17. Notice that in the item iii) of Theorem 16 the genus of the surface which appears as a direct summand must be less than or equal to than the genus of the phase space M . This can be easily seen using the Mayer-Vietoris sequence.
The cohomology index
The aim of this section is to study the cohomology index of an isolated invariant continuum of a flow on a surface and its relations with the Conley index. Since cohomology groups are easier to compute than homotopy type it is interesting to study to what extent the cohomology index determines the Conley index.
Example 18. Let M be an orientable surface of genus greater than or equal to 1 and consider two flows ϕ and ϕ ′ on M having isolated invariant sets K 1 and K 2 respectively whose local dynamics are depicted in figures 3 and 4. The Conley indices of K 1 and K 2 are the pointed homotopy type of S 2 ∨ S 
However, these spaces are not homotopy equivalent. This can be seen using the ring structure of CH * (K 1 ) and CH * (K 2 ). As rings Let σ 1 , σ 2 be elements of
As a consequence, σ 1 ⌣ σ j = 0 since γ 1 ⌣ γ 2 = 0 by the direct sum structure of CH * (K 1 ) and
On the other hand, if α, β are the standard generators of
Therefore, the rings CH * (K 1 ) and CH * (K 2 ) are not isomorphic and h(K 1 ) = h(K 2 ).
The previous example shows that the knowledge of the groups which conform the cohomology index is not enough to know the Conley index. We will see that in spite of it, the cohomology ring CH * (K) determines the Conley index. Given a topological space M with H 2 (M ) = Z 2 it is possible to define a bilinear form I :
given by I(α 1 , α 2 ) = α 1 ⌣ α 2 . This form determines the cohomology ring H * (M ) when M is a closed surface. The rank I is defined as the rank of any matrix representing I. This number is well defined since two matrices representing I must be congruent.
Theorem 19. Suppose that K is an isolated invariant continum of a flow on a surface. Then, the cohomology ring CH * (K) determines its Conley index. In particular, In particular, K has the shape of s circumferences. In both cases the number of components of an initial section S of the truncated unstable manifold is r + 1 and K has the shape of rk CH 1 (K) circumferences.
Proof. Suppose that CH 0 (K) = CH 2 (K) = {0}, then, h(K) must be connected and it cannot contain any closed surface as a wedge summand. Thus, Theorem 16 ensures that it cannot be an attractor or a repeller and h(K) must be the homotopy type of a wedge of circumferences. It is clear that the number of circumferences in the wedge is determined by rk CH 1 (K). This proves i). Let us assume that CH 0 (K) = {0}. Then h(K) is not connected and by Theorem 16 it must be an attractor. Moreover, h(K) must have the homotopy type of the union of a wedge of circumferences and an exterior point. As before rk CH 1 (K) determines the number of circumferences in the wedge. To prove iii) assume that CH 2 (K) = {0}, then Theorem 16 guarantees that K is a repeller. Moreover, h(K) must contain a closed connected surface as a wedge summand. This surface is orientable (and hence K is orientable) if and only if, given any element α ∈ CH 1 (K), α ⌣ α = 0. This is a straightforward consequence of the cohomology ring structure of closed surfaces (See [20] ).
Suppose that K is orientable. Then h(K) is the pointed homotopy type of
..,r S 1 i , * . Let us show that g is exactly rk I/2. By [20] we have that
as rings. Choose the basis {α 1 , . . . , α g , β 1 , . . . β g , γ 1 , . . . , γ r } of CH 1 (K) where {α 1 , . . . , α g , β 1 , . . . , β g } is the standard basis of H 1 (Σ g ) and each γ i is the generator of
and α i ⌣ α j = 0, β i ⌣ β j = 0 for each i, j. Besides, (1) ensures that γ i ⌣ ω = 0 for each i = 1, . . . , r and each ω ∈ CH 1 (K). Therefore, the matrix associated to the bilinear form I with respect to the chosen basis takes the form 
where I g denotes the order g identity matrix, O denotes the zero matrix of the corresping order and s = rk CH 1 (K). Hence, the rank of I is 2g and the result follows.
Suppose that K is nonorientable. In this case h(K) is the pointed homotopy type of N g i=1,...,r S 1 i , * . We see that g agrees with the rank of I. Consider the basis {a 1 , . . . , a g , γ 1 , . . . , γ r } of CH 1 (K) where {a 1 , . . . , a g , } is the standard basis of H 1 (N g ) and each γ i is the generator of
and, reasoning as before, γ i ⌣ ω = 0 for each i = 1, . . . r and ω ∈ CH 1 (K). Therefore, the matrix associated to the bilinear form I with respect to the chosen basis takes the form
Thus, the rank of I is g and the result follows. Notice that from this discussion it also follows that the cohomology ring CH * (K) determines h(K) as we wanted to prove.
Applications
In this section we will show some applications of the previous results. For instance, we will relate the property of being non-saddle with the structure of the truncated unstable manifold, we will study properties of continuations of isolated invariant continua and we will characterize those isolated invariant continua which do not have fixed points. The next result shows a duality property of those isolated invariant continua which are neither attractors nor repellers for flows on surfaces Proposition 20. Suppose that K is an isolated invariant continuum of a flow on a surface. Then, the number of contractible components of an initial section S of the truncated unstable manifold of K, u c , agrees with the number of contractible components s c of a final section S * of the truncated stable manifold. As a consequence, if K is neither an attractor nor a repeller, the Conley index h(K) agrees with the Conley index for the reverse flow h * (K).
Proof. Consider a regular isolating block N of K. As we have seen in the proof of Theorem 16, N o posseses exactly u c interval components and, working with the reverse flow, it also follows that N i has exactly s c interval components. Since ∂N is a disjoint union of circumferences, it is clear that the number of components of N o and N i contained in a component C of ∂N not contained neither in n − nor in n + must be the same and, hence, u c = s c . The remaining part of the statement follows straightforward from Theorem 16.
In the next result we will see that the vanishing of u c is related to the dynamical property of being non-saddle introduced by Bhatia in [4] .
Definition 21. A compact invariant set K is said to be saddle if it admits a neighborhood U such that every neighborhood V of K contains a point x ∈ V with x[0, +∞) U and x(−∞, 0] U . Otherwise we say that K is non-saddle.
For instance, attractors, repellers and unstable attractors with no external explosions (see [1, 27, 37] ) are non-saddle sets. For more information about these sets see [13, 16] . Proof. Suppose, arguing by contradiction, that K is non-saddle and u c = 0. Let N be a regular isolating block of K. Since u c = 0, N o must have at least one component J which is an interval. Besides, J must contain in its interior a component of n − . Let (x n ) be a sequence in J − n − convergent to x ∈ n − . The trajectory of each x n must leave N in the past and in the future but, since x n → x ∈ n − , fixed any neighborhood U of K, there exists n such that the trajectory of x n meets U before it leaves N in the past. This is in contradiction with K being non-saddle.
Conversely, assume that u c = 0. Then, given a regular isolating block N of K, N o must agree with n − . We will see that given any x ∈ N , either γ + (x) or γ − (x) is contained in N . Suppose, arguing by contradiction, that there exists a point x whose trajectory leaves N in the past and in the future. Thus, the exit time function t o is defined in x and, xt o (x) ∈ N o = n − . As a consequence, x ∈ N − which is in contradiction with the trajectory of x leaving N in the past. Therefore, K is non-saddle since K admits a basis of neighborhoods comprised of regular isolated blocks.
Remark 23. In [13] it was proved that isolated non-saddle sets (possibly not connected) in manifolds have the shape of finite polyhedra. Then, they have a finite number of components, each one of them isolated and non-saddle. As a consequence, Proposition 22 also holds if K has a finite number of components. Now we are going to study some questions about continuation of isolated invariant continua. The theory of continuation plays a central role in the Conley index theory. We recommend [7, 15, 33] for information about the basic facts of this notion. In figure 5 we show an example from [16] , in which it is shown that some dynamical and topological properties of the original isolated invariant continuum are not preserved by its continuations. For instance, connectivity, shape or non-saddleness are some properties not preserved by continuation. We will see that in spite of this fact, for flows on surfaces we can have a good understanding of how continuations work.
The next result shows that even if the continuation of an isolated invariant continuum is not connected, for small values of the parameter each one of its components is shape dominated by the the original continuum. This means that Figure 5 : Continuation of an isolated non-saddle circumference by a family of saddle sets with the shape of a point.
small perturbations of a flow cannot increase, in a certain sense, the topological complexity of isolated invariant continua.
Theorem 24. Let (ϕ λ ) λ∈I be a parametrized family of flows defined on a surface M and K 0 an isolated invariant continuum for ϕ 0 . Suppose that the family (K λ ) λ∈I is a continuation of K 0 . Then, there exists λ 0 ≤ 1 such that
Proof. Let N be a regular isolating block of K 0 . Then, by [33] there exists λ 0 ≤ 1 such that N is an isolating neighborhood of K λ for λ ≤ λ 0 . Hence, reasoning as in the proof of Theorem 7 we get that
is surjective. Therefore, β 1 (K λ ) ≤ β 1 (N ) and the result follows since N is a regular block of K 0 .
We will study continuations of isolated invariant continua regarding their dynamical nature. For this purpose we will make use of the next proposition.
Proposition 25. Let (ϕ λ ) λ∈I be a parametrized family of flows defined on a surface M and K 0 an isolated invariant continuum for ϕ 0 which is neither an attractor nor a repeller. Suppose that the family (K λ ) λ∈I is a continuation of K 0 such that K λ consists of a finite number of connected components. Then
where u λ c is the number of contractible components of an initial section of the truncated unstable manifold W u (K λ ) − K λ and n λ is the number of components of K λ .
Proof. Since K λ has a finite number of components K 1 λ , . . . , K n λ λ , all of them are isolated and
Moreover, h(K 0 ) = h(K λ ) and, hence, h(K λ ) is the pointed homotopy type of a wedge of β 1 (K 0 ) + u c − 1 circumferences. The result follows from (2) and Theorem 16. Proof. Suppose that K 0 is an attractor. The case of K 0 being a repeller is completely analogous reasoning with the reverse flow. Since
. A consequence of this fact is that either K λ is an attractor or it is the disjoint union of an attractor K 1 λ and an isolated invariant set K 2 λ with trivial Conley index. Indeed, if K λ is connected then by Theorem 16 it must be an attractor and its first Betti number must agree with β 1 (K 0 ). Hence, Sh(K λ ) = Sh(K 0 ). Suppose, on the other hand, that K λ is not connected. Then, given an isolating block N of K λ it cannot be connected and it must contain a connected component with empty exit set. Let K Suppose that K 0 is neither an attractor, nor a repeller. Then, since h(K λ ) agrees with h(K 0 ), the former must be connected and it cannot contain any closed surface as a summand. Hence, it is easy to conclude that K λ is neither an attractor nor a repeller. Suppose that K 0 is saddle. If K λ has an infinite number of components it must be saddle since non-saddle sets have the shape of finite polyhedra [13] . Let us assume that K λ has a finite number of components. From Theorem 24 we get that there exists λ 0 ≤ 1 such that
Then, using this and Proposition 25 we obtain that u λ c ≥ u c > 0 for λ ≤ λ 0 and, thus, K λ is saddle for λ ≤ λ 0 .
Let us assume that K 0 is non-saddle, i.e. u c = 0, and K λ is connected for every λ. We will see that K λ is non-saddle if and only if Sh(K λ ) = Sh(K 0 ). Indeed, suppose that K λ is also non-saddle, i.e. u λ c = 0. Thus, Proposition 25 ensures that β 1 (K 0 ) must agree with β 1 (K λ ). Therefore, K 0 and K λ must have the same shape. Conversely, if Sh(K λ ) = Sh(K 0 ) then β 1 (K 0 ) = β 1 (K λ ) and, by Proposition 25, u λ c must be zero. Then, K λ is non-saddle. Remark 27. We would like to point out the following things regarding Theorem 26:
1. If K 0 is an attractor (repeller) it was proven in [40] that for small values of λ, K λ is actually connected and, hence, an attractor with the shape of K 0 even for flows not necessarily defined on more general spaces than surfaces such as ANR's. Besides, in the argument presented here we only exploit the fact that h(K) is the pointed homotopy type of a 2-component space and, thus, the result also holds for flows on more general phase spaces. This was proven in [15] .
2. It was seen in [16] that if (ϕ λ ) λ∈I is a differentiable family of flows on a differentiable manifold and K 0 is non-saddle, then, if K λ is non-saddle for small values of λ, K 0 and K λ must have the same shape, i.e. the hypotheses about the connectivity of K λ can be dropped for small values of λ. The converse statement is known to be true for compact oriented differentiable manifolds with H 1 (M ) = 0 [2] . Theorem 26 shows that this converse statement is true for any surface and for any parameter value.
The next results are concerned with the topological characterization of those isolated invariant continua in surfaces which do not have fixed points. For this purpose we will make use of an index introduced by Srzednicki [46] which generalizes the degree of C 1 vector fields on R n . The index i(ϕ, U ) associated to a flow defined on an Euclidean Neighborhood Retract (manifolds, CW-complexes, polyhedra...) M and an open subset U ⊂ M with compact closure is an integer number which measures, in some extent, the number of fixed points ϕ has in U . In particular, ϕ must have fixed points in U if i(ϕ, U ) = 0. It turns out that if N is an isolating neighborhood i(ϕ,N ) = χ(h(K)).
A straightforward consequence of this fact is the next Proposition 28. Let K be an isolated invariant continuum of a flow ϕ defined on a surface and N an isolating neighborhood of K. Then, i(ϕ,N ) = 1 − β 1 (K) − u c .
Theorem 29.
Suppose that K is an isolated invariant continuum of a flow on a surface M and that K does not contain fixed points. Then, K is non-saddle and it is either a limit cycle, a closed annulus bounded by two limit cycles, or a Möbius strip bounded by a limit cycle.
Proof. Let N be a regular isolating block of K. Since K does not have fixed points, applying Proposition 28 we get 0 = i(ϕ,N ) = 1 − β 1 (K) − u c .
Hence, β 1 (K) + u c = 1 and we have two possibilities. The first one is that β 1 (K) = 0 and u c = 1, which must be excluded since N would be a disk [29] and K would contain a fixed point by Corollary 8. The remaining possibility is β 1 (K) = 1 and u c = 0. In this case K would be non-saddle and it would have the shape of a circle. Moreover, β 1 (N ) = 1 being N a regular isolating block. Therefore N is either an annulus or a Möbius strip depending on its orientability. Indeed, capping each component of N with a disk we get a closed surface N and χ( N ) = χ(N ) + c, where c is the number of boundary components of N . But, since β 1 (N ) = 1 and N has non-empty boundary it follows that χ(N ) = 0 and, hence, χ( N ) = c > 0. If N is orientable, so is N and, hence, c = 2 and N must be a sphere. Therefore, N is a sphere with two open disks removed, i.e., an annulus, as we wanted to prove. On the other hand, if N is nonorientable so is N and, as a consequence, c = 1 and N must be a projective plane. Then, N is a projective plane with an open disk removed, i.e., a Möbius strip. Suppose that N is orientable, i.e., an annulus. Then, N can be embedded in R 2 and, by the arguments presented in the proof of Lemma 5, we may assume, without loss of generality, that the flow restricted toN can be extended to the whole R 2 . Besides, Gutiérrez' Theorem ensures that the extended flow may be assumed to be smooth and the result follows from [3] . Assume, on the other hand, that N is nonorientable, i.e., a Möbius strip. Since K is non-saddle and N has only one boundary component it must be either an attractor or a repeller. Consider another copy N * of N and the flow ϕ * = ϕ(·, −t) on M . We obtain a flow without fixed points on the Klein Bottle by identifying the boundaries of N and N * via the identity map and considering the flow ϕ which agrees with ϕ in N and with ϕ * in N * . It is clear that, by its very construction, ϕ extends ϕ|N . Now, choosing a point in ∂N , either its ω-or its ω * -limit is a limit cycle contained in K [9] . This limit cycle cannot bound a disk in N since K does not contain fixed points and, as a consequence, it either does not bound any region in N and, hence, it agrees with K or it bounds a Möbius strip contained inN . In this case K must agree with this Möbius strip and the result follows.
The following results are consequences of Theorem 29.
Corollary 30. Suppose ϕ is a flow defined on a surface and K an isolated invariant continuum which is minimal. Then, K is either a fixed point or a limit cycle.
Remark 31. If M is compact and the flow is C 2 , Corollary 30 holds even if we drop the assumption about the isolation as it has been seen in [44] .
Corollary 32. If ϕ is a flow defined on a compact surface and every minimal set of ϕ is isolated, then ϕ is topologically equivalent to a C ∞ flow.
Proof. It readily follows from Corollary 30 and Gutiérrez' Theorem.
